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Abstract: Cable-stayed Bridge got rapidly developed in designing and constructing during 

these decades. Concrete cable-stayed bridge [1-6] occupies larger proportion. Tall cable 

towers’ cracking behavior has aroused more and more attention from the researchers. 

Under the outer load, temperature load, concrete shrinkage and creep effect, tower of 

concrete cable-stayed bridge suffers huge pressure transmitted by cables. According to 

incomplete statistics, tower fracture occurs in 80% of the Chinese cable bridges, it 

seriously affects the cable-stayed bridge’s safety and even people's life. This article 

introduced the fractal damage and the fractal fracture mechanics into safety assessment of 

cable-stayed bridge’s cable tower. Then, tall tower’ safety state evaluation model is put 

forward based on fracture distribution in this paper Beginning and expansion of fractures 

and the structure failure process are analyzed from the macroscopic and mesoscopic point 

of view through theoretical analysis. This paper set up a new method supported by the 

theory of fractal damage for evaluation of cable tower safety state after cracking occurs. 

The relationship between the load level and fractal dimension of fracture distribution after 

the cable tower cracking occurs is researched and it provides theoretical and experimental 

basis to further application to real bridge. The following mainly innovative work has been 

done in this paper.  

1. Theoretical Basis 

Homogenization theory is an effective multiscale computing method that takes unit cells as the 

basic research object. And unit cells constitute the microscopic and mesoscopic structure of 

materials. Assuming that unit cells have space repeatability, that is assuming that the microstructure 
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is periodic or quasi-periodic, by introducing macroscopic and microscopic scales and considering 

the mechanical behavior of the material's macroscopic and microscopic structures, the equivalence 

relationships between macroscopic and microscopic structures can be bridged. Technology 

Roadmapis shown in Figure 2.The theory adopts the form of perturbation solutions, expanding 

physical quantities such as displacement and stress at a point in the macroscopic structure into 

asymptotic series of perturbation which is related to microstructural scale. Then it use the principle 

of virtual work (or variational principle) to get the unit cell equation and introducing the equation to 

the unit load and boundary conditions, the macroscopic mechanical properties of the material can be 

effectively predicted, eventually the macroscopic mechanical properties of the material can be 

predicted. 

Assuming there is a concrete material structure liking the figure 1, which occupies Ω in R3 space, 

the microstructural can be thought as a periodic repetition rank. of non-homogeneous unit cells in 

space at a macroscopic point. Presuming the object is subjected to a volumetric force f, a surface 

force on the force boundary Γt, and a given displacement on the displacement boundary Γv. 

 

Figure 1. Schematic diagram of periodic non-homogenous material and its unit cell 

For practical non-homogeneous materials, its high non-homogenization in microstructure will 

lead to the structural field variables such as displacement and stress to vary drastically within a 

certain neighborhood ε. To deal with such problems with macroscale and mesoscale, it is advisable 

to use a mesoscale y= x/ε. Where x is the macroscopic coordinate; y is the microscopic coordinate; 

and 1/ε is the amplification factor. For any point x in the macroscopic coordinates of the concrete 

structure, commanding its microstructure is periodic repetition rank, all functions related to the 

Mesoscopic coordinates are periodic. The size of the unit cell is relatively small compared to the 

macroscopic geometric scale, and is assumed to be of the order of ε (0 ≤ ε ≤ 1). By using the 

coordinate transformation y = x/ε, a point in Ω is magnified into a unit cell Y, and the equivalent 

elastic properties can be acknowledged. 
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Figure 2. Technology Roadmap 

Assuming the unit cell is a linear elastic medium, the following basic equations and boundary 

conditions are satisfied in Ω: 

Balance equation:      
       

    Geometric equation:    
  

 

 
(    

      
 ) 

 Constitutive equation:    
       

    
  

Boundary conditions:    
     ̃  

Displacement conditions:   
   ̃  

In the equations above,      
  represents elastic tensor of the material,   

  represents 

displacement tensor,    
  represents stress tensor,    

  represents strain tensor,   represents the unit 

normal vector in the   boundary,   as the superscript represents the characteristic of double 

scales of the function. Based on the technique that slowly expanding, the displacement of       at 

any point on the   domain can be expressed as: 

                                            (1) 
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The terms expanded in equation (1) characterize the fine-scale oscillations of the displacement 

field. As the number of expansion terms increases, equation (1) gradually approaches the oscillatory 

behavior of the true displacement field at the micro-mesoscopic scale. Based on the principle of 

virtual displacement, it can be shown that: 

∫      
   

 

   

   

   
  

 
 ∫   

      ∫  ̃     
  

            (2) 

Accordingly,     represents the virtue displacement which satisfies the boundary conditions, 

      represents the elastic tensor of the material, The rest of the variables satisfies equation (3).  

                                             (3) 

bring the formula (2) into the formula (3): 

 ∫      
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According to the characteristics of periodic functions, any Y-periodic function satisfies formula 

(5), additionally,   is a variable dependent on  : 
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If      , formula (5) can be transferred to formula (6): 

  

  
 

  

  
 

 

 

  

  
                         (6) 

Formula (7) will be obtained after taking formula (6) into formula (4): 
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     (7) 

According to the characteristic of periodic function, Y-periodic function      satisfies formula 

(8) below: 
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              (8) 

Substituting equation (8) into equation (7) and setting the coefficients of each power to zero 

simultaneously, a differential equation relating   ､   and    can be shown below: 
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     (11) 

Since   is an arbitrary function, it is advisable to chooze        and then integrate it step by 

step, after applying the non-homogenization theory and its periodicity on the integration domain Y, 

equation (12) appears: 
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Because   is arbitrary, so: 
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                         (14) 

Considering the characteristic of Y-periodic function and equation (12), there is equation (15) 

below: 

                                     (15) 

That is, the first term of the asymptotic expansion is only related to the macroscopic coordinates. 

2. The Influence of Cell Size on Concrete Properties 

Concrete materials have a minimum period [7-10] , when the unit cell size is less than this period, 

The results cannot fully reflect the mechanical characteristics of concrete; when it is greater than 

this period, the results obtained tend to stable, but it will increase the amount of numerical 

calculation and storage. Therefore, it is necessary to first find a suitable unit cell size to test its 

impact to concrete properties. The discrete element method is used to generate 20 groups of 

concrete models with different cell sizes and particle sizes ranging from 5 to 10 mm, with each 

group containing five samples with different aggregate distributions. A cell sample with a size of 30 

mm × 30 mm is used as an example to establish a discrete element concrete cell model. 

 

Figure 3. Discrete element concrete particle flow simulation 

The corresponding elastic matrix can be obtained through two conditions, one is different 

velocity loads and boundary conditions which are applied to the unit cell, the other is the 

corresponding displacement field χ. Finally, the compliance matrix of the orthotropic material can 

be converted according to elastic matrix. 
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The equivalent elastic coefficients                   of concrete in the x and y directions like 

the equations below respectively: 

   
 

   
 

      
   

 

   
 

 

   
 

   
 

      
   

 

   
 

 

By calculating and analyzing the unit cell model, the relationship can be obtained between the 

macroscopic equivalent elastic coefficient of concrete and the ratio of the unit cell size d to the 

maximum aggregate size     . 

 

 

Figure 4. Equivalent elastic modulus variation curve  

 

Figure 5. Equivalent Poisson's ratio variation curve 

Average 

 Upper and lower limits 

Average 

 Upper and lower limits 
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3. Comparative Analysis of Macro Finite Element 

Based on the conclusion above, the side length of the concrete square unit cell is selected as 

d=4         =40mm, it is also essential to obtain the corresponding equivalent [11-17] elastic 

modulus and Poisson’s ratio. Poisson's ratio are obtained. The macroscopic finite element mesh of 

ABAQUS software is used to numerically simulate the surface of the cable tower. At the same time, 

the macroscopic and mesoscopic multiscale models are used for simulation verification. The coarse 

grid size is 40 mm×40 mm, and the fine grid size is 1 mm×1 mm, as shown in the figure. 

Considering the slow calculation speed of finite element at the mesoscopic scale, the 

three-dimensional cable tower problem is converted into a two-dimensional planar problem, and the 

boundary conditions of the two-dimensional model are consistent with those of the 

three-dimensional model. 

 

Figure 6. Solid model of cable tower of Dachong Bridge 

This computational model considers the stress conditions of two segments under the maximum 

cable force. After calculation, a range of the same size on the surface of the cable tower is taken to 

study its macro- and micro-mechanical properties. The stress state and boundary conditions of the 

planar model are equivalent to those of the three-dimensional solid. 

 

Figure 7. Stress distribution and prestress loss of cable tower 
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Figure 8. Macro-micro and multi-scale model 

 

Figure 9. macroscale calculation results (distribution of tensile stress and damage condition) 

 

Figure 10. Mesoscale calculation results (tensile stress distribution and damage condition) 
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4. Conclusion 

1. As  /     increases, the phase differences between                   gradually decrease. 

When d/     is around 4-5, the error is minimal. 

2. Comparing the macro- and micro-scale finite element calculation results of the cable tower 

surface, it can be seen that the distribution of both stresses and strains are basically the same, which 

indicates that the homogenization theory and finite element method can be used to better simulate 

the equivalent elastic coefficients of concrete. 
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